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A b s t r a c t  

In this paper we have dealt with the relativistic scalar products like "/iuTi , Tr (7i u) 
Tr (~z*) and Tr (~/iyiu) Tr (-~F/iv). Here any string like u and v involve Dirac matrices in 
the manner u = Ilnr-~la r where the element a r = ariel i + iar~ i.e., a r in general involves a 
term iar S which is multiplied by a 4 x 4 unit matrix. We have further evaluated Tr ('rbu) 
Tr (Tb v) where the suffix 'b', unlike the dummy suffixes i and], does not imply any 
summation and can assume any specific value from 1 to 5. Some reduction formulae for 
the evaluation of Tr (~/su) and Tr(u) have been obtained in this paper. 

1. I n t r o d u c t i o n  

Several authors  have worked  on the problem of  the de te rmina t ion  of  the 
relativistic scalar products  o f  Dirac matrixes.  This is required in dealing wi th  
the problems o f  quan tum elec t rodynamics  and some weak in terac t ion  processes 
wi th  the help of  relativistic per turbat ion  theory.  We may  ment ion  that  the 
results o f  Chisholm apply when  we deal wi th  a string (involving Dirac matr ices)  
o f  the type  u = Un = a l ,  a2 • • • an where the e lement  a r = ~ =  lar iTi .  But we 
also need  to consider  the same problem when in general the e lement  ar = 
ariv i + iar5 i.e., a~ involves in general a term/ar~ mul t ip l ied  by  a 4 x 4 unit  
matr ix.  As an i l lustration we may  point  out  that  in the trace calculat ion in- 
volved in the per turbat ion  theory  we come across terms like pi~/i  + i m  where 
m and Pi are the mass and i th  componen t  o f  m o m e n t a  respectively o f  a particle 
In this connec t ion  we m a y  men t ion  that  in a previous paper (1973)  we have dealt  
with an analogous p rob lem where the e lement  a r of  the string u involves 2 x 2 
Pauli matr ices  and a 2 x 2 unit  mat r ix  in the manner  ar  = a~ i oi + Jar,. In order  
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to deal with this above-mentioned problem we have introduced the matrices 
F u where Fi = iTf fs  and P5 = 7s. It may be noted that the five Pu matrices, 
like 7/and 7s matrices, satisfy the well-known anti-commutation relation. We 
then define a new string U = U n = A 1A 2 . . A n  - n • - IIr= 1Ar where the element 
A r  = Aru P**. It has been shown here that the problem of the trace calculation 
involving 7i, 7s matrices and string like u can be related to one involving Pu 
matrices and string like U. A relation between ar~ and Ars which occur in the 
strings u and U respectively has been set up. In this paper we have evaluated 
the relativistic scalar products like 7iu3,i where u (= Un) may be an even or odd 
string, i.e. n may be even or odd. We have also dealt with other types of rela- 
tivistic scalar products like (Tiu) (Tiv)  and (Ti"[jU)('yiyjv). Here we have used 
the abbreviated notation of the trace bracket ( ) like Tr (u) = (u). We have fur- 
ther evaluated the expression (%U)(TbV) where the repeated suffix 'b', unlike 
the dummy suffixes i and], can assume any specific value from 1 to 5 instead 
of implying a summation. In particular the product of  the two traces 
(TsU)(3'sV) is expressed in a form which does not involve any 75 matrix. Some 
reduction formulae for the determination of  the traces like (u) and (TsU) have 
been derived in this paper. 

2. Calculation 

The Pu matrices defined by 

Pi = iT f f s ,  r s  = 7s (2.1) 

satisfy the following anti-commutation relation 

PuPv + lPvF u = 2guy (2.2) 

In (2.1) and (2.2) and in the following Greek suffixes #, v, etc. stand for any 
number from 1 to 5, while Latin suffixes i, j, etc. for any value from 1 to 4. 

The string U of Pu matrices is written as 

n 

U = Un = A a A 2 . . . A n  = 1-[ A r  (2.3) 
r = l  

where the element A r is given by 

Ar  = AriPl  + ArsP5  = Ar#Pla 

Similarly the string u involving 7i and 4 x 4 unit matrices is given by 

(2.4) 

t'/ 

U = U  n = a l a  2 . . . a  n = l q a  r 
r = l  

where the element ar is given by 

a r = a r i T i  + tars 

(2.5) 

(2.6) 
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n 

0 =  ( - 1 ) n r s G r s  = r~  X, (2.7) 

and 

where 

and 

n 

= ( - 1 ) n T s u n T s  = I-I ar (2.8) 
r = l  

Art  = A t  i, Xr~ = -Ar~  (2.9) 

ari = ari, firs = -ar~ (2. I 0) 

so that the notation of 'bar' implies that the sign of the fifth components of 
the elements is to be reversed. Throughout this paper we use the abbreviated 
notation of trace bracket like 

Tr(U) = (U) (2.11) 

Since we can write 

a r = - i  [ariF i -- ars Fs]F  s (2.12) 

we are able to set up the following relations between the strings defined by 
(2.3) and (2.5) 

(Un) = (Un) (2.13) 

when n is even and 

(Un) = i(Tsun) (2.14) 

when n is odd. 
In (2.13) and (2.14) the elements of Un and Un are related in the following 

manner 

Ari  = ari , Ar~ = ( -  1)rat, (2.15) 

Now with the aid of relation (2.1) one can express the sixteen independent 
elements of  Dirac algebra by the elements ½ [PuP v - F~vFu] where (# > v), 
F u and 4 x 4 unit matrix. Here the suffixes p and v are assumed to take any 
value from t to 5. Using this fact and the anti-commutation relation (2.2) 
one can easily verify the following relation involving the string Un 

~ ( [ G G  - Gr~] u . ) [Gr~ - G G ]  + ( G u . ) G  
= ~ ( [ G r ~  - r ~ r . ]  r b G ) [ G r ~  - G G ]  r~ + ( r b u . ) G  

+ ¼ ( [ r u g  - G G ]  u . ) [ r ~ G  - G G ]  (2.16) 
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where the particular suffix 'b' in P~, unlike the dummy suffixes # and v, 
though repeated, does not imply any summation. The suffix 'b' may assume 
any specific value from 1 to 5. 

Using relation (2.2) we obtain from (2.16) 

Z = -~(03 + ½(PuPv03PuPv + (PuU)Pu 

= --~(PbU)Pb + ½(PuPvPbU)PuPvP b + (PuPbU)Pu1?b (2.17) 

The symbol 'Z' in (2.17) is introduced for convenience. 
From (2.3) and (2.4) we can write 

U = U n = F ~ , A l h A 2 A a . . . A n  = ["xAIRUn-1 (2.18) 

Using relation (2.18) and the fact that the suffix 'b' occurring in (2.17) is 
arbitrary in its value and can always be adjusted to coincide with a particular 
value of the dummy suffix X we obtain 

g = - ~ ( U  n _ 1)A 1 -I- ½ ( r . r v u . _  t ) r . r v a  1 + ( r . u . _  1 ) r . a  1 (2.19) 

Repeatedly applying the procedure adopted in the derivation of (2.19) we can 
transfer the elements of U or Un from the inside of the trace bracket to the 
outside in (2.17). We finally get 

Z = 4U R (2.20) 

where the reversed string UR and also uR are given by 

U R = A n A n _ l . . . A  1 (2.21) 

and 
Ule = anan-  1 . .  • al (2.22) 

From (2.17), (2.20) and the relation (UR) = (U) we obtain 

1 ( P g U )  F/a (2.23) 4U = -~(U) + :~I'uPv(PvPuU) + 

Now relation (2.17) holds even without the trace brackets ( ) .  Then following 
the procedure adopted in the derivation of (2.20) we obtain 

3 1 -~ = - ~ U +  ~l?uI uUFuPv + ruuI"  u - 4 U R  (2.24) 

Combining equations (2.17), (2.20) and (2.23) we get 

pu(r'uU) = 2 u +  2Ua - (03 (2.25) 

Using relation (2.25) we obtain from (2.23) the following relation 

r ~ u p .  = 2(03 - u -  2uR (2.26) 

With the help of relations (2.12), (2.15), (2.7), (2.8) and (2.26) we can 
show that for an even string u (=Un, n is even) the scalar product 7iuTi is 
given by 

viu~ = r . ~ r .  - Ps g r s  (2.27) 

= 2(u) - u - ff - 2UR (2.28) 
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In a similar manner we obtain from (2.26) and (2.14) the scalar product 
involving an odd string, 7iu2rn + ~ 7i = 7isTi as given below 

7is')'i = 2(STs)3's - s  + ~ -  2s R (2.29) 

Let us use the symbol s' to denote an odd strings for the special case when 
at5 = 0 for all values oft .  Then we can obtain from (2.24) the following 
relation 

1 ! t 
+ ~7iyjS 7i71 + 27iS 7i -T- 2s' = -4s~  (2.30) 

We can establish from either (2.29) or (2.30) the following result 

Vis'Ti = - 2 s ~  (2.31) 

From (2.17), (2.20) and (2.23) we get 

(TD'iu)('}'iTiv) = (Fir] U)(Firi  v)  

= 4(U)(V) + 2([UR -- U] [V+ ~ )  (2.32) 

where u, v, U and V are all even strings. 
In relation (2.32) and in the following the elements of v and V are related 

in a manner similar to that which exists between u and U, as given by relations 
(2.13) and (2.15). 

Using relations (2.25) and (2.7) we obtain the following result 

(viu)(viv) = (ri v)(ri  v) 

= ( [ v +  vRI [ v +  Vl) (2.33) 

where u, v, U and V are all odd strings. 
Let us multiply relation (2.25) from the left and also from the fight by F b 

and then add the two relations thus obtained. This enables us to obtain the 
following result 

( u r o ) ( v r b )  = ( [ u +  UR] [V+ Pt, VPb] ) - (U)(V) (2.34) 

where the suffix 'b '  does not imply any summation and can assume any specific 
value from 1 to 5. Relation (2.34) helps us to determine (uTo)(v3,b). If  we 
take u, v, Uand Vto  be all odd strings then we have the result (uTb)(vTb.) = 
( U P b ) ( V r b )  where b = 1,2, 3 or 4. 

Setting b = 5 in (2.34) we obtain 

= (r v)(rs v) -- ( [ u +  uRl [ v +  rq) - (v ) (r )  

= (v[u + uR + 5 + URI) - (u)(v) (2.35) 

where u, v, U and V are all even strings. 
We may note that the right-hand side of (2.35) does not involve any 7s 

matrix. 
The relation (2.25) helps us to obtain a reduction formula for the evaluation 
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of the trace (Un) or (U) where Un = A 1 A 2 . . .  A n. Using (2.25) for the string 
U4 = A 1A 2A 3A4 and writing Un- 4 = A sA 6 • •. An we can obtain for odd n 

(Un) = (U4Un-4) = ½([U4 - U4 R + (U4)] Un-4) - ¼(U4)(Un - 4 )  

1 
n 
E ( - 1 ) r ( U 4 A r ) ( A s A 6 " " A r - I A r + I " ' A n )  

r>~S (2.36) 

where 

½ [ U 4 -  U4R + (U4)] =A1. A 2 A 3 A 4 - A 1 . A 3 A 2 A 4 + A t .  A4A2A3  

+A 2. A3A 1A4 -A2. A 4 A 1 A  3 + A 3 . A 4 A  1A2 
(2.37) 

Next we derive in a similar manner another formula for (Un) which is valid 
irrespective of whether n is odd or even. Putting U s =A 1A2A3A4As ,  
Un_ 5 =A6A 7 . . . A  n and using (2.25) for the string U s we get 

( f n )  = (U5Un_ 5) = ½([U 4 - U4R -k ( f 4 )  ] Un_4) - ¼ ( f  e)(Un_4) 

+ ¼(Us)(Un_s) + ( [ - A  s. A 1(A2A3A4} 

+ A s. A2{A IA3A4} - A  s. A3{A IA2A4} 

+ A s. Aa{A 1A2A3}] Un- s) (2.38) 

where terms of the type (A2A3A4} stand for 

{A2A3A4} =A2A3A4  - A 2 . A 3 A 4  +A~ .A4A3  + A 3 . A 4 A 2  

Relations similar to (2.36) and (2.38) have previously been derived by the 
author in a different manner. The relations (2.36) and (2.38) combined with 
(2.13) and (2.14) provide us with formulae for the determination of the 
traces (un) and i(7 s Un). 

Several formulae for the evaluation of (Un) and ("/sun) when ars = 0 for all 
values of the suffix r can be obtained from equations (2.36) and (2.38). 
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