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Abstract

In this paper we have dealt with the relativistic scalar products like v#7p Tx (v;u)
Tr (yw) and Tr (yiyju} Tr (ﬂm?-v). Here any string like 1z and v involve Dirac matrices in

the manner u = I}, 4, where the element 4, = ayy; + fgp ie.,a,in general involves a

term fap which is multiplied by a 4 x 4 unit matrix. We have further evaluated Tr (y,u)
Tr (ypv) where the suffix *b°, unlike the dummy suffixes i and j, does not imply any
summation and can assume any specific value from 1 to 5, Some reduction formulae for
the evaluation of Tr (ysu) and Tr(u) have been obtained in this paper.

1. Introduction

Several authors have worked on the problem of the determination of the
relativistic scalar products of Dirac matrixes. This is required in dealing with
the problems of quantum electrodynamics and some weak interaction processes
with the help of relativistic perturbation theory. We may mention that the
results of Chisholm apply when we deal with a string (involving Dirac matrices)
of the type u =u,=a,,a, . . . a, where the element g, = T 14y;7i. But we
also need to consider the same problem when in general the element ¢, =
aY; +iar  ie.,a, involves in general a term iz, multiplied by a 4 x 4 unit
matrix. As an illustration we may point out that in the trace calculation in-
volved in the perturbation theory we come across terms like p;vy; + im where
m and p; are the mass and ith component of momenta respectively of a particle
In this connection we may mention that in a previous paper (1973) we have dealt
with an analogous problem where the element @, of the string 4 involves 2x 2
Pauli matrices and a 2 x 2 unit matrix in the manner g, = ay,0; t iay, . In order
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to deal with this above-mentioned problem we have introduced the matrices
", where I'; = #y;v5 and I's = v5. It may be noted that the five I';, matrices,
like v; and 75 matrices, satisfy the well-known anti-commutation relation. We
then define anew string U=U, =44, ...A4, =11}, A, where the element
A, =A; T',. Tt has been shown here that the problem of the trace calculation
involving 7;, ¥5 matrices and string like « can be related to one invelving I';,
matrices and string like U. A relation between ,_and 4, which occur in the
strings u and U respectively has been set up. In this paper we have evaluated
the relativistic scalar products like y;u7y; where u (= u,,) may be an even or odd
string, i.e. n may be even or odd. We have also dealt with other types of rela-
tivistic scalar products like (y;u)(v;v) and (y;7;4)(7;7;v). Here we have used
the abbreviated notation of the trace bracket ( ) like Tr (u) = (). We have fur-
ther evaluated the expression (y,u)(7v,v) where the repeated suffix ‘b’, unlike
the dummy suffixes i and 7, can assume any specific value from 1 to 5 instead
of implying a summation. In particular the product of the two traces
(vsu)(vsv) is expressed in a form which does not involve any v matrix. Some
reduction formulae for the determination of the traces like (1) and (ysu) have
been derived in this paper.

2. Caleulation

The I'y, matrices defined by

Iy =iyys, I's=v;s @1
satisfy the following anti-commutation relation
r,r,+I,0, =25, 2.2)

In (2.1) and (2.2) and in the following Greek suffixes y, », etc. stand for any
number from 1 to 5, while Latin suffixes i, j, etc. for any value from 1 to 4.

The string U of I', matrices is written as
n
U=U,=A4,4,... 4,=1] 4, 2.3)
r=1

where the element A4, is given by
A4,=A4,T;+4,Ts =A’uP“ 2.4)
Similarly the string u involving 7v; and 4 x 4 unit matrices is given by
n
U=u,=aqa,;...4,= 11la, (2.5)
F=1

where the element g, is given by

4 =y, + iars (2.6)
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We also define

o n p—
U=(-1)'TsU,I's = rI:II A, Q.7
and
- n
U= (“1)n75un75 = I‘II ‘Er (28)
=
where
Zri = Aria Ers = _Ars (29
and
@y = y a = —dy, (2.10)

so that the notation of ‘bar” implies that the sign of the fifth components of
the elements is to be reversed. Throughout this paper we use the abbreviated
notation of trace bracket like

Tr(U) = (U) (2.11)
Since we can write
a4, = —ila,,T; —a, Ts]Ts (2.12)

we are able to set up the following relations between the strings defined by
(2.3)and (2.5)

(Uy) = (up) (2.13)
when 7 is even and
U= i(')’sun) (2.149)

when n is odd.

In (2.13) and (2.14) the elements of U,, and u,, are related in the following
manner

Ari = ari» A;’S = (“ l)fars (2-15)

Now with the aid of relation (2.1) one can express the sixteen independent
elements of Dirac algebra by the elements %{I‘MI‘,, — Ty, Iy ] where (u>»),
', and 4 x 4 unit matrix. Here the suffixes g and v are assumed to take any
value from 1 to 5. Using this fact and the anti-commutation relation (2.2)
one can easily verify the following relation involving the string U,

%([Fur‘v — T, UL, — ] +(CuUn)Ty
= %([Furv - Pqu] Iy Un)[rur‘v - er‘u] Ly + (CpU,)T
+ ZIF([FNFZJ — FbFI«L] Un)[F“Fb e FbI““] (216)
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where the particular suffix ‘6’ in I'y, unlike the dummy suffixes u and v,
though repeated, does not imply any summation. The suffix ‘b’ may assume
any specific value from 1 to 5.

Using relation (2.2) we obtain from (2.16)

Z= ‘%(U) + %(P/.LFVU)FMFV + (FMU)PM
= 3@y + 3T T UL T, + (T T, U, (2.17)

The symbol ‘Z” in (2.17) is introduced for convenience.
From (2.3) and (2.4) we can write

U= Un:FAA'!}&AZAS"'AR=F}\Athn~} (2.18)
Using relation (2.18) and the fact that the suffix ‘b’ occurring in (2.17) is

arbitrary in its value and can always be adjusted to coincide with a particular
value of the dummy suffix A we obtain

Z= ’“%(Un— DAt %(FquUn— I)F#PvA 1 (FuUn— 1)F1.LA1 (2.19)
Repeatedly applying the procedure adopted in the derivation of (2.19) we can

transfer the elements of U or U,, from the inside of the trace bracket to the
outside in (2.17). We finally get

Z=4Up (2.20)
where the reversed string Up and also ug are given by
Up =4,A,_1...4, 2.21)
and
UR =aplp_1. .. a4 (2.22)
From (2.17), (2.20) and the relation (Ug) = (U) we obtain
4U = —3(U) + T, 0) + (T O)T, (2.23)

Now relation (2.17) holds even without the trace brackets ( ). Then following
the procedure adopted in the derivation of (2.20) we obtain

—3U +30,1,UT, T, + T, UT, = —4Ug (224)
Combining equations (2.17), (2.20) and (2.23) we get
T (T,U) = 2U + 2Ug — (U) (2.25)
Using relation (2.25) we obtain from (2.23) the following relation
ILUT, =2(U) — U — 2Ug (2.26)

With the help of relations (2.12), (2.15), (2.7), (2.8) and (2.26) we can
show that for an even string u (=u,, # is even) the scalar product y;uy; is
given by

yuy, = T,UT, —TsUTs (2.27)

=2(u) —u —ii — 2ug (2.28)
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In a similar manner we obtain from (2.26) and (2.14) the scalar product
involving an odd string, ¥;Uam+17; = ¥;8Y; as given below

Vi8Y = 2(575)¥s —s +§— 255 (2.29)

Let us use the symbol s" to denote an odd strings for the special case when
ar, = 0 for all values of ~. Then we can obtain from (2.24) the following
relation

£ hys'yy + 2vis'y, ¥ 25 = —dsk (2.30)
We can establish from either (2.29) or (2.30) the following result
Yis'Yi = — 25z (231

From (2.17), (2.20) and (2.23) we get
(’)’mii)(')’i')’jv) =(I; F;'U)(Fin V)
=4U)(V) +2([Ug - UL [V +V]) (2.32)
where u, v, U and V are all even strings.

In relation (2.32) and in the following the elements of v and ¥ are related

in a manner similar to that which exists between u and U, as given by relations
(2.13) and (2.15).

Using relations (2.25) and (2.7) we obtain the following result

(i) (vyv) = T OHA V)
=([U+Ugl[V+T7] (2.33)

where u, v, U and V are all odd strings.

Let us multiply relation (2.25) from the left and also from the right by T,
and then add the two relations thus obtained. This enables us to obtain the
following result

(UTp)(¥Tp)=([U + UR] [V + T, VT3 ]) — (U)V) (234)

where the suffix ‘»* does not imply any summation and can assume any specific
value from 1 to 5. Relation (2.34) helps us to determine (uy,)(v7,). If we

take u, v, U and V to be all odd strings then we have the result (uy)wr,) =
(UT)(VTy) whereb=1,2,3 or 4,

Setting & = 5 in (2.34) we obtain

(s (r50)=Cs)TsV) = ([U + U] [V + V]) - U)(V)
=(wlutip +i+tug])— @) (2.35)
where u, v, U and V are all even strings.

We may note that the right-hand side of (2.35) does not involve any 5
matrix.

The relation (2.25) helps us to obtain a reduction formula for the evaluation
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of the trace (U,;) or (U) where U, = A4, . . . A,. Using (2.25) for the string
Uy=A1A43A34, and writing U,,_4 =A54¢ ... 4, we can obtain for odd n

(Un) = (UsUp_2)=5([Us — Usp + (U1 Up_s) — 4Ua)(Up~a)

n
“% 2 (_l)r(U4Ar)(A5A6- . 'Ar—lArH o -An)
r>5 (2.36)

where
3[Us—Uspt (Ug)l = Ay Ay AgAy— A1 A3Ar A4+ Ay Agd A5
tAy AgAd Ay —Ap AgA A3+ A3. A4A 4,
2.37)
Next we derive in a similar manner another formula for (U,;) which is valid
irrespective of whether » is odd or even. Putting Us =4 1 A,A434, 45,
U, _s5=A¢d5...A, and using (2.25) for the string Us we get
(Un)=(UsUp—s) =3([Us — Usp + U Up—2) — 3Us)(Up—4)
+3Us)(Uy—s5) + ([—A5. A {42 4345}
+As5. Ay{A1A3As} —As. A3{A 1 A2 44}
+As5. Ag{A1 A2 A3 Uy 5) (2.38)
where terms of the type {4,4344} stand for
{A3A3A44} = A3 A3A4 —Aq. A3Ag T Ay AgAs + A3 . A4 A,

Relations similar to (2.36) and (2.38) have previously been derived by the
author in a different manner. The relations (2.36) and (2.38) combined with
(2.13) and (2.14) provide us with formulae for the determination of the
traces (u,) and i (v5%y).

Several formulae for the evaluation of (u,,) and (ysu,) when a, = 0 for all
values of the suffix r can be obtained from equations (2.36) and (2.38).
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